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Abstract
He’s semi-inverse method is applied to search for the solitary wave solution of the generalized Zakharov equation (GZE). The
solution process reveals that the method is easy and straightforward.
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1. Introduction
The generalized Zakharov equation (GZE) is a realistic model for plasma, which can be written as follows [1]:{
iEt + Exx − 2β|E |2 + 2FE = 0 (a)
Ft t − Fxx + (|E |2)xx = 0 (b) (1)
where E is the envelope of the high-frequency electric field, and F is the plasma density measured from its equilibrium
value. When β = 0, this system is reduced to the classical Zakharov equation of plasma physics [2,3]. Obviously, the
GZE is a strongly nonlinear system; it is very difficult to obtain its solitary wave solutions.
Recently, there have been various approaches to the search for soliton solutions for nonlinear wave equations
[4–15], and it is worthy of note that the variational iteration method proposed by He [16–18] has been shown to be
effective, easy, and accurate for a large class of nonlinear problems [15,19–21]. D’Acunto applied He’s variational
method to the determination of limit cycles [22,23]. In this paper, we apply Ji-Huan He’s approach to soliton solutions
using variational principle [24,25] to the GZE.
2. Soliton wave solution
For convenience, we seek the solitary wave solution of the GZE by assuming the solution in the following frame:
E(x, t) = f (ξ)ei(mx−nt), ξ = x −Ut (2)
where the real function f and constant wave speed U are to be further determined, and m, n are constants.
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Substitution of Eq. (2) into Eq. (1)(a) gives
f ′′ + (Um + n − m2) f + i(2m −U ) f ′ − 2β f 3 + 2F f = 0. (3)
Dividing Eq. (3) into a real part and an imaginary part, we have
U = 2m (4)
f ′′ + (Um + n − m2) f − 2β f 3 + 2F f = 0. (5)
Defining α = −(Um + n − m2) = −(m2 + n), Eq. (5) becomes
f ′′ − (α − 2F) f − 2β f 3 = 0. (6)
Assuming F(x, t) = Ψ(ξ) = Ψ(x −Ut), we have
Ft = dΨdξ
dξ
dt
= −UΨ ′; Ft t = U 2Ψ ′′; Fx = dΨdξ
dξ
dx
= Ψ ′; Fxx = Ψ ′′. (7)
Substitution of Eq. (7) into Eq. (1)(b) gives
(U 2 − 1)Ψ ′′ + ( f 2)′′ = 0. (8)
Integrating Eq. (8) with respect to ξ twice, we obtain
(U 2 − 1)Ψ ′ + ( f 2)′ = k1 (9)
(U2 − 1)Ψ + f 2 = k1Ψ + k2 (10)
where k1 and k2 are constants.
The wave is even in boundlessness, so limξ→∞Ψ = 0, limξ→∞Ψ ′ = 0, limξ→∞ f = 0; accordingly from Eqs.
(9) and (10), we have k1 = k2 = 0, and
Ψ = 1
1−U2 f
2. (11)
Eq. (6) becomes
f ′′ − α f +
(
2
1−U 2 − 2β
)
f 3 = 0. (12)
The variational iteration method and homotopy perturbation method [14,24,25] can be applied to Eq. (12) effectively.
Here we follow Ji-Huan He’s variational method described in Ref. [24], where the KdV equation is used to illustrate
the effectiveness and convenience of the suggested method. According to Ref. [24], a variational formulation should
be first established using the semi-inverse method [26–30]:
J =
∫ ∞
0
[(
1
2
)
( f ′)2 + α
2
f 2 − 1
2
(
1
1−U 2 − β
)
f 4
]
dξ. (13)
We assume the solitary wave solution in the following form [24]:
f = p sec h(qξ) (14)
where p and q are constants to be further determined.
Substituting Eq. (14) into Eq. (13) results in
J =
∫ ∞
0
[
sec h2(qξ) tanh2(qξ)+ α
2
(p sec h(qξ))2 − 1
2
(
1
1−U 2 − β
)
(p sec h(qξ))4
]
dξ
= 1
2
p2q2
∫ ∞
0
sec h2(qξ) tanh2(qξ)dξ + α
2
p2
∫ ∞
0
sec h2(qξ)dξ − 1
2
(
1
1−U 2 − β
)
p4
∫ ∞
0
sec h4(qξ)dξ
= p
2q
6
+ αp
2
2q
−
(
1
1−U 2 − β
)
p4
3q
(15)
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Making J stationary with respect to p and q results in
∂ J
∂p
= pq
3
+ αq
p
−
(
1
1−U2 − β
)
p2
q
= 0 (16a)
∂ J
∂q
= p
2
6
+ αp
2
2q2
+
(
1
1−U 2 − β
)
p4
3q2
= 0 (17a)
or
q2 + 3α − 3
(
1
1−U 2 − β
)
p2 = 0 (16b)
q2 − 3α + 2
(
1
1−U 2 − β
)
p2 = 0. (17b)
Solving Eqs. (16b) and (17b) simultaneously results in
p2 = 6α
−5
(
1
1−U2 − β
) , q2 = 3
5
α. (18)
If the following condition 1 or condition 2 is tenable:
Condition 1: n < −m2 and m2 < β − 1
4β
(β > 1)
Condition 2: n < −m2 and 1
4
< m2 <
β − 1
4β
(β < 0)
we can easily obtain the following relations:
p =
 6α
−5
(
1
1−U2 − β
)
 12 , q = (3
5
α
) 1
2
. (19)
So the solitary wave solution can be approximated as
E(x, t) = f (ξ)ei(mx−nt) = p sec h(qξ)ei(mx−nt)
=
 6α
−5
(
1
1−U2 − β
)
 12 sec h ((3
5
α
) 1
2
(x −Ut)
)
ei(mx−nt) (20)
F(x, t) = Ψ(ξ) = 1
1−U2 f
2
=
(
6α
−5+ β(1−U 2)
)
sec h2
((
3
5
α
) 1
2
(x −Ut)
)
. (21)
3. Conclusion
To summarize, we can conclude from the results thus obtained that the variational approach to the generalized
Zakharov equation has been demonstrated successfully. This method is extremely simple in its principle and quite
easy to use, and it can be extended to other nonlinear wave equations.
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